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In this paper, we mainly focus on the asymptotic behavior of solutions to the second-
order stochastic lattice equations with random coupled coefficients and multiplicative
white noises in weighted spaces of infinite sequences. We first transfer stochastic lattice
equations into random lattice equations and prove the existence and uniqueness of
solutions which generate a random dynamical system. Second we consider the existence
of a tempered random bounded absorbing set and a random attractor for the system. Then
we establish the upper semicontinuity of random attractors as the coefficient of the white
noise term tends to zero. Finally we present the corresponding results for the system with
additive white noises.
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1. Introduction
A random attractor, introduced by Crauel et al. [1] and Crauel and Flandoli [2] to capture the essential dynamics with
possibly extremely wide fluctuations, is a generalization of the global attractor of autonomous differential equations
for random dynamical systems. In recent years, random attractors have been investigated for many stochastic partial
differential equations (SPDEs), for example, stochastic reaction–diffusion equations and stochastic hyperbolic equations.
Lattice dynamical systems (LDSs) are the coupled systems of infinite ordinary differential equations defined on infinite
lattices [3]. Stochastic lattice dynamical systems (SLDSs) arise naturally in a wide variety of applications where the spatial
structure has a discrete character and spatiotemporal uncertainties (noises). These noise effects are not only compensation
for the defects in some deterministic models but also rather intrinsic phenomena. Recently, the existence of random
attractors has been done for the first order SLDSs (see [4–6]) and for the second-order SLDSs (see [7–9]). In this paper,
motivated by Han [7], Han et al. [6] and Zhao and Zhou [9], we mainly consider the following stochastic second order lattice
system with random coupled coefficients and multiplicative white noises
d2ui
dt2
+ α dui
dt
= −λui + fi(ui)+ gi +
q
j=−q
ηi,j(θtω)ui+j + cui dw(t)dt , i ∈ Z, (1.1)
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where λ, α and c are positive constants; for i ∈ Z, ui, gi ∈ R; fi ∈ C1(R,R); ηi,j(ω), j = −q, . . . , q(q ∈ N) are random
variables,w(t) is a Brownian motion on proper probability space, and (θt)t∈R is a metric dynamical system via
θtω(·) = ω(· + t)− ω(t), t ∈ R. (1.2)
For the special case of the coupled term, say,
q
j=−q
ηi,j(θtω)ui+j = 2ui − ui−1 − ui+1 (independent of ω, t). (1.3)
Eq. (1.1) can be regarded as a discrete analogue of the following stochastic damped wave equation on R
∂2u
∂t2
+ α ∂u
∂t
= −λu+ f (x, u)+ g(x)− ∂
2u
∂x2
+ cudw(t)
dt
, (1.4)
which has awide range of applications in physics and plays an important role not only in relativistic field theories but also in
solid-state physics, nonlinear optics, etc. The random attractors for (1.4) on the bounded domains and unbounded domains
have been investigated by Fan [10] and Wang et al. [11], respectively. For this special case of the lattice system (1.1) with
constant coupled coefficients and fi(ui) = sin ui, Han [7] has studied the existence of the random attractor. However, in
practice, the coupled mode between two nodes (say, adjacent nodes) is usually random. It is then of great importance to
investigate the asymptotic dynamics of lattice systems with random coupled coefficients.
It is important to consider the dependence of attractors on the parameters of the considered systems. Zhou in [12]
presented some conditions for the upper semicontinuity between a family of perturbed random attractors and a limiting
random attractor and applied it to consider the upper semicontinuity of random attractors for the first order stochastically
perturbed lattice equations as the coefficient of the white noise term tends to 0.
To this end, in Section 2, the objective of this paper is to consider the existence of the random attractor for systems (1.1)
inweighted spaces of infinite sequences and then consider the upper semicontinuity of random attractors for (1.1) as c → 0.
In Section 3, we present the corresponding results for the following second order lattice system with additive white noises
d2ui
dt2
+ α dui
dt
= −λui + fi(ui)+ gi +
q
j=−q
ηi,j(θtω)ui+j + cai dwi(t)dt , i ∈ Z, (1.5)
and in Section 4, we give some remarks.
2. Random attractors for stochastic lattice system (1.1)
2.1. Mathematical setting
In this section, the probability space is chosen as (Ω1,F1, P1), hereΩ1 is a subset of the set {ω ∈ C(R,R) : ω(0) = 0},F1
is the Borel σ -algebra onΩ1 generated by the compact open topology (see [13,5,14]), and P1 is the corresponding Wiener
measure onF1. Consider the stochastic second order lattice system (1.1) with initial conditions
d2u
dt2
+ α du
dt
= −λu+ f (u)+ g + A(θtω)u+ cudw(t)dt , i ∈ Z,
u(0) = u0 = (u0,i)i∈Z, u˙(0) = u1 = (u1,i)i∈Z,
(2.1)
where ω ∈ Ω1, u = (ui)i∈Z, f (u) = (fi(ui))i∈Z, g = (gi)i∈Z, (A(ω)u)i =qj=−q ηi,j(ω)ui+j, and cu dw(t)dt = cui dw(t)dt i∈Z.
Letting dudt = v˜, system (2.1) is equivalent to
ψ˙ + L˜ψ = F˜ c(ψ, θtω), ψ0 =

u0
u1

, (2.2)
where
ψ =

u
v˜

, L˜ψ =

0 −1
λ α

u
v˜

, (2.3)
F˜ c(ψ, θtω) =

0
f (u)+ g + A(θtω)u+ cudw(t)dt

. (2.4)
It is convenient to transfer (2.1) into a random system. Let
δ(θtω) = −α
 0
−∞
eαsθtω(s)ds, t ∈ R, ω ∈ Ω1, (2.5)
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then δ(θtω) is an Ornstein–Uhlenbeck process on (Ω1,F1, P1, (θt)t∈R) and solves the equation dδ + αδdt = dw(t, ω).
Moreover, there exists a θt-invariant set Ω11 ∈ F of Ω1 of full P measure such that for ω ∈ Ω11, |δ(ω)| is tempered,
the mapping t → δ(θtω) is continuous in t , and limt→∞ |δ(θtω)|t = limt→∞ 1t
 t
0 δ(θsω)ds = 0, limt→∞ 1t
 t
0 |δ(θsω)|ds =
E[|δ(ω)|] = 1√
πα
, limt→∞ 1t
 t
0 δ
2(θsω)ds = E[δ2(ω)] = 12α (see [13,5,10] for details).
Let v = u˙ + εu − cuδ(θtω), where ε > 0 and u is solution of (2.1). Then system (2.1) can be written as the following
random system without white noise
ϕ˙ + Lϕ = F c(ϕ, θtω), ϕ0(ω) =

u0
u1 + εu0 − cu0δ(ω)

, (2.6)
where
ϕ =

u
v

, L =

ε − 1
λ− ε(α − ε) α − ε

I, (2.7)
and
F c(ϕ, θtω) =

cδ(θtω)u
A(θtω)u+ [2εcδ(θtω)− c2δ2(θtω)]u− cδ(θtω)v + f (u)+ g

. (2.8)
Let ρ be a positive weight function from Z to (0,M0] ⊂ R+ satisfies
(P0) 0 < ρ(i) ≤ M0, ρ(i) ≤ c0ρ(i± 1),∀i ∈ Z, for some positive constantsM0 and c0.
For i ∈ Z, define ρi = ρ(i), and
l2ρ =

u = (ui)i∈Z :

i∈Z
ρi|ui|2 <∞, ui ∈ R

with inner product (u, v)ρ =i∈Z ρiuivi and norm ∥u∥2ρ = (u, u)ρ =i∈Z ρi|ui|2 for u = (ui)i∈Z, v = (vi)i∈Z ∈ l2ρ . Then l2ρ
is a separable Hilbert space with the norm ∥·∥ρ .
We make the following assumptions on gi, fi, ηi,j(ω), j = −q, . . . , q, i ∈ Z:
(H1) g = (gi)i∈Z ∈ l2ρ .
(H2) Let η(ω) = sup |ηi,−q(ω)|, . . . , |ηi,0(ω)|, . . . , |ηi,q(ω)| : i ∈ Z > 0, q ∈ N, and let η(θtω)(<∞) be locally integrable
in t ∈ R for every ω ∈ Ω1, E(η) = limt→∞ 1t
 t
0 η(θtω)ds < ∞; and η(ω) be tempered, i.e., there exists a θt-invariant set
Ω12 ∈ F of Ω1 of full Pmeasure such that for ω ∈ Ω12 and ∀γ > 0, limt→+∞ e−γ t supτ∈[0,t] η (θ−τω) = 0.
(H3) ∀i ∈ Z,maxs∈R{|fi(s)|, |f ′i (s)|} ≤ βi and β = (βi)i∈Z ∈ l2ρ .
In the following, for convenience,Ω11 ∩Ω12 is still written byΩ1. For any u, v ∈ l2ρ , define an inner product on l2ρ by
(u, v)λ,ρ = λ

i∈Z
ρiuivi, ∀u = (ui)i∈Z, v = (vi)i∈Z ∈ l2ρ, (2.9)
then the norm ∥·∥λ,ρ induced by (·, ·)λ,ρ is equivalent to the norm ∥·∥ρ induced by (·, ·)ρ . Write l2λ,ρ = (l2ρ, (·, ·)λ,ρ, ∥·∥λ,ρ),
then E = l2ρ × l2ρ and Eλ = l2λ,ρ × l2ρ are both separable Hilbert spaces.
We call ϕ : [0, T )→ l2ρ × l2ρ a mild solution of the following random differential equation
dϕ(t)
dt
= G(ϕ, θtω), ϕ = (ϕi)i∈Z, G = (Gi)i∈Z,
if ϕ ∈ C([0, T ), l2ρ × l2ρ) satisfies
ϕi(t) = ϕi(0)+
 t
0
Gi(ϕ(s), θsω)ds, for ∀i ∈ Z and t ∈ [0, T ).
Theorem 2.1. Let (P0), (H1)–(H3) hold. For any c ∈ R, ω ∈ Ω1 and ψ0 ∈ E, then ϕ0(ω) ∈ E and (2.6) has a unique mild
solution ϕc(·, ω, ϕ0(ω)) ∈ C([0,+∞), E), which generates a continuous RDS {ϕc(t, ω)}t≥0,ω∈Ω1 over (Ω1,F1, P1, (θt)t∈R)
with state space E. Moreover, ψ c(t, ω,ψ0) =

u(t)
v˜(t)

=

1 0
−ε + cδ(θtω) 1

ϕc(t, ω, ϕ0(ω)) for ψ0 =

u0
u1

∈ E, t ≥
0, ω ∈ Ω1, define a continuous RDS {ψ c(t, ω)}t≥0,ω∈Ω1 over (Ω1,F1, P1, (θt)t∈R) associated with (2.2) in E, where ϕ0(ω) =
1 0
ε − cδ(ω) 1

ψ0.
Proof. It is directly proved by Theorem 6.1.7 in [15] and from that δ(θtω) is continuous in t , f (u) is globally Lipschitz on l2ρ
in u and A(θtω) is locally integrable in t for each ω ∈ Ω1. 
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2.2. Existence of random attractor
Definition 2.1 (see [13,14]). Let (X, ∥·∥X ) be a separable Hilbert space, (Ω,F , P, (θt)t∈R) be ametric dynamical system and
let {φ(t, ω)}t≥0,ω∈Ω be a continuous RDS over (Ω,F , P, (θt)t∈R)with state space X .
(1) A set-valued mapping ω → B(ω) ⊆ X is said to be a random set if the mapping ω → distX (x, B(ω)) is measurable for
any x ∈ X .
(2) A random set B(ω) is said to be bounded if there exist x0 ∈ X and a random variable r(ω) > 0 such that B(ω) ⊆ {x ∈
X : ∥x− x0∥ ≤ r(ω)} for all ω ∈ Ω .
(3) A random set B(ω) is called a compact random set if B(ω) is compact for all ω ∈ Ω .
(4) A bounded random set B(ω) is said to be tempered with respect to (θt)t∈R if for a.e. ω ∈ Ω , limt→+∞ e−γ t supx∈B(θ−tω)∥x∥X = 0 for all γ > 0. A random variable r(ω) ∈ R is said to be tempered with respect to (θt)t∈R if for a.e. ω ∈ Ω ,
limt→+∞ e−βt supτ∈[0,t] |r(θ−τω)| = 0.
In the following, we use D(X) to denote the set of all tempered random sets of X .
(5) A bounded random set B0(ω) ⊆ X is called a bounded absorbing set in D(X) if for any B ∈ D(X) and a.e. ω ∈ Ω , there
exists TB(ω) such that φ(t, θ−tω, B(θ−tω)) ⊆ B0(ω) for all t ≥ TB(ω), ω ∈ Ω .
(6) A random set ω → A(ω) is called a random attractor in D(X) for {φ(t, ω)}t≥0,ω∈Ω if (i)A(ω) is a compact set of X for
a.e. ω ∈ Ω; (ii) for a.e. ω ∈ Ω and all t ≥ 0, φ(t, θ−tω,A(θ−tω)) = A(ω); (iii) for any B ∈ D(X) and a.e. ω ∈ Ω ,
lim
t→+∞ distX (φ(t, θ−tω, B(θ−tω)),A(ω)) = 0.
Theorem 2.2 (See [6]). For the phase space X = E = l2ρ × l2ρ . Suppose that
(a) There exists a θt-invariant set Ω˜ ⊆ Ω of full P measure and a random bounded absorbing set B0(ω) ∈ D(E), ω ∈ Ω˜ such
that for any B(ω) ∈ D(E) and all ω ∈ Ω˜ there exists TB(ω) > 0 yielding φ(t, θ−tω, B(θ−tω)) ⊆ B0(ω) for all t ≥ TB(ω).
(b) {φ(t, ω, ·)}t≥0,ω∈Ω is random asymptotically null on B0(ω), i.e., for any η > 0, there exists T (η, ω, B0) > 0 and
M(η, ω, B0) ∈ N such that for any φ0 = (u0, v0)T ∈ B0(ω), φ(t, θ−tω, φ0(θ−tω)) = (φi(t, θ−tω, φ0(θ−tω)))i∈Z =
(ui(t, θ−tω, φ0(θ−tω)), vi(t, θ−tω, φ0(θ−tω)))i∈Z satisfies
|i|>M(η,ω,B0)
|φi(t, θ−tω, φ0(θ−tω))|2E =

|i|>M(η,ω,B0)
ρi

u2i (t, θ−tω, φ0(θ−tω))+ v2i (t, θ−tω, φ0(θ−tω))

6 η, ∀t > T (η, ω, B0). (2.10)
Then the RDS {φ(t, ω, ·)}t≥0,ω∈Ω possesses a unique random attractor given by
A(ω) =

τ>T (ω,B0)

t>τ
φ(t, θ−tω, B0(θ−tω)).
In this subsection, we will use Theorem 2.2 to prove the existence of a random attractor for the continuous RDS
{ψ(t, ω)}t≥0,ω∈Ω1 in E under some conditions.
Theorem 2.3. Let (P0), (H1)–(H3) hold and
K = ε − c
2
2α
√
λ
− 2(ε +
√
λ) |c|√
παλ
− q˜

1+ 1
λ

E(η(ω)) > 0, (2.11)
where
ε = αλ
3λ+ α2 , q˜ = q+
q
k=0
ck0. (2.12)
Then there exists a closed random bounded absorbing set Bc1(ω) ∈ D(E) of {ψ c(t, ω, ·)}t≥0,ω∈Ω1 such that for any B ∈ D(E) and
ω ∈ Ω1, there exists TB(ω) > 0 yielding ψ c(t, θ−tω, B(θ−tω)) ⊆ Bc1(ω),∀t ≥ TB(ω). In particular, there exists TBc1(ω) > 0 such
that ψ c(t, θ−tω, Bc1(θ−tω)) ⊆ Bc1(ω) for t ≥ TBc1(ω).
Proof. Let ϕc(t) =

ui(t)
vi(t)

i∈Z
be a mild solution of (2.6). The set of continuous random process in t is dense in the set L1(R)
(see [16]); then by (H2), for each ω ∈ Ω1, there exists a sequence ηmi,j(t, ω) of continuous random processes in t ∈ R such
that
lim
m→∞
 T
0

ηmi,j(s, ω)− ηi,j(θsω)

ds = 0, ∀T > 0, (2.13)
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and
|ηmi,j(t, ω)| ≤ |ηi,j(θtω)| ≤ |η(θtω)|, ∀t ∈ R. (2.14)
First, let us consider the following random differential equations with coupled coefficients ηmi,j(t, ω) and initial data
ϕ0 ∈ E:
ϕ˙m + Lϕm = F cm(ϕm, θtω), ϕm0 (ω) = ϕ0(ω) =

u0
u1 + εu0 − cδ(ω)u0

, (2.15)
where ϕm =

um
vm

and
F cm(ϕ
m, θtω) =

cδ(θtω)um
Am(t, ω)um + [2εcδ(θtω)− c2δ2(θtω)]um − cδ(θtω)vm + f (um)+ g

(2.16)
and
(Am(t, ω)um)i =
q
j=−q
ηmi,j(t, ω)ui+j. (2.17)
It is easy to see that (2.15) has a unique solution
ϕm(·;ω, ϕ0) = (um(·;ω, ϕ0), vm(·;ω, ϕ0)) ∈ C([0,+∞), E) ∩ C1((0,+∞), E) (2.18)
satisfying (2.15). Considering the inner product (·, ·)Eλ of (2.15) with ϕm(t), we have
1
2
d
dt
ϕm2Eλ + (Lϕm, ϕm)Eλ = (F cm(ϕm, θtω), ϕm)Eλ , (2.19)
where
(Lϕm, ϕm)Eλ ≥
ε
2
∥ϕ∥2Eλ +
α
2
∥v∥2ρ , (2.20)
and
(cδ(θtω)um, um)λ,ρ 6 |cδ(θtω)| ·
um2
λ,ρ
,
(2εcδ(θtω)um, vm)ρ 6
ε√
λ
|cδ(θtω)| ·
ϕm2Eλ ,
(−c2δ2(θtω)um, vm)ρ 6 c
2
2
√
λ
δ2(θtω) ·
ϕm2Eλ ,
(−cδ(θtω)vm, vm)ρ 6 |cδ(θtω)| ·
vm2
ρ
,
(f (um), vm)ρ 6
1
α
∥β∥2ρ +
α
4
∥v∥2ρ ,
(g, vm)ρ 6
1
α
∥g∥2ρ +
α
4
∥v∥2ρ ,
(Am(t, ω)um, vm) 6
1
2
q˜

1
λ
+ 1

η(θtω) · ∥ϕ∥2Eλ .
(F cm(ϕ
m, θtω), ϕ
m)Eλ 6

(
√
λ+ ε)√
λ
|cδ(θtω)| + c
2
2
√
λ
δ2(θtω)+ 12 q˜

1
λ
+ 1

η(θtω)
ϕm2Eλ
+ α
2
vm2
ρ
+ 1
α
∥g∥2ρ + ∥β∥2ρ . (2.21)
From (2.19)–(2.21), we have that for t ≥ 0,
d
dt
ϕm2Eλ 6

−ε + 2(
√
λ+ ε)√
λ
|cδ(θtω)| + c
2
√
λ
δ2(θtω)+ q˜

1
λ
+ 1

η(θtω)
ϕm2Eλ
+ 2
α
∥g∥2ρ + ∥β∥2ρ . (2.22)
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Applying Gronwall’s inequality to (2.22) and replaced ω by θ−tω,we have that for t ≥ 0,ϕm(t, θ−tω, ϕm0 (θ−tω))2Eλ
6 e
−εt+ 0−t 2(√λ+ε)√λ |cδ(θsω)|+ c2√λ δ2(θsω)+q˜ 1λ+1η(θsω)

ds ∥ϕ0(θ−tω)∥2Eλ +
1
2
r21 (ω, c)
.= κ(t, ω), (2.23)
where
r21 (ω, c) =
4
α
∥g∥2ρ + ∥β∥2ρ ·  +∞
0
e
−εs+ 0−s 2(√λ+ε)√λ |cδ(θτω)|+ c2√λ δ2(θτω)+q˜ 1λ+1η(θτω)

dτ
ds. (2.24)
Next, let us prove the existence of a convergent subsequence of {ϕmi (t) = (umi (t), vmi (t)), t ∈ [0, T ]}(∀T > 0) for i ∈ Z.
By (2.23),
∥ϕmi (t)∥Eλ = λρi|umi |2 + ρi|vmi |2 ≤ κ(t, ω), for allm ∈ N, t ∈ [0, T ];
then for any t, τ ∈ [0, T ],m ∈ N,
∥ϕmi (t)− ϕmi (τ )∥R2 =
 t
τ
∥Fmi (ϕm(s), θsω)− (Lϕm)i∥R2ds ≤ K(T , ω) · |t − τ |, (2.25)
which means the equi-continuity of {ϕmi (t), t ∈ [0, T ]}. By the Arzela–Ascoli Theorem, there exists a convergent
subsequence {ϕmki (t), t ∈ [0, T ]} of {ϕmi (t), t ∈ [0, T ]} such that
ϕ
mk
i (t)→ ϕ˜i(t) = (u˜mi (t), v˜mi (t)) as k →∞, t ∈ [0, T ], (2.26)
and ϕ˜i(t) is continuous in t ∈ [0, T ]. Moreover, by (2.23), ∥ϕ˜i(t)∥2R2 ≤ κ(t, ω) for t ∈ [0, T ]. By (2.13) and (2.14) and the
Lebesgue Convergence Theorem, for s ∈ [0, T ],
lim
k→∞
 t
0

η
mk
i,j (s, ω)u
mk
i (s)− ηi,j(θsω)u˜i(s)

ds
=
 t
0
lim
k→∞

η
mk
i,j (s, ω)u
mk
i (s)− ηi,j(θsω)u˜(s)

ds
=
 t
0
lim
k→∞
[ηmki,j (s, ω)− ηi,j(θsω)]ui(s)+ ηmki,j (s, ω)[umki (s)− u˜i(s)] ds
= 0. (2.27)
Thus, by replacingm bymk in (2.15) and let k →∞, we have
ϕ˜i(t) = (ϕ˜0)i +
 t
0
[Fmi (ϕ˜m(s), θsω)− (Lϕ˜m)i]ds for t ∈ [0, T ]. (2.28)
By the uniqueness of the mild solutions of (2.6), we have ϕ˜i(t) = ϕi(t) for t ∈ [0, T ]. By (2.23), replacing m by mk, and let
k →∞, we have that for t ≥ 0,ϕc(t, θ−tω, ϕ0(θ−tω))2Eλ
6 e
−εt+ 0−t 2(√λ+ε)c√λ |δ(θsω)|+ c2√λ δ2(θsω)+q˜ 1λ+1η(θsω)

ds ∥ϕ0(θ−tω)∥2Eλ +
1
2
r21 (ω, c). (2.29)
By properties of |δ(θsω)|, δ2(θsω), (H1) and K > 0, we have that r1(ω, c) <∞. By (2.6),
∥ϕ0(θ−tω)∥2Eλ 6 ∥u0∥2λ,ρ + 3 ∥u1∥2ρ + 3ε2 ∥u0∥2ρ + 3c2δ2(θ−tω) ∥u0∥2ρ
6 C1(θ−tω, c) ∥ψ0∥2E ,
where ψ0 =

u0
u1

,
C1(θ−tω, c) = λ+ 3ε2 + 3c2δ2(θ−tω)+ 3. (2.30)
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Then ϕc(t, θ−tω, ϕ0(θ−tω))2Eλ
6 e
−εt+ 0−t 2(√λ+ε)|c|√λ |δ(θsω)|+ c2√λ δ2(θsω)+q˜ 1λ+1η(θsω)

ds
C1(θ−tω, c) ∥ψ0∥2E +
1
2
r21 (ω, c). (2.31)
Therefore, for any ψ0 ∈ B(θ−tω),ψ c (t, θ−tω,ψ0)2E
6 C2(ω, c) ·
ϕc (t, θ−tω, ϕ0(θ−tω))2Eλ
6 e
−εt+ 0−t 2(√λ+ε)|c|√λ |δ(θsω)|+ c2√λ δ2(θsω)+q˜ 1λ+1η(θsω)

ds
C1(θ−tω, c)C2(ω, c) ∥ψ0∥2E +
1
2
C2(ω, c)r21 (ω, c), (2.32)
where
C2(ω, c) = 1+ 1+ 3ε
2 + 3c2δ2(ω)
λ
. (2.33)
It follows from (2.32) that for any B ∈ D(E), there exists TB(ω) > 0 such that for t ≥ TB(ω), ∥ψ c (t, θ−tω,ψ0(θ−tω))∥2E ≤
C2(ω, c)r21 (ω, c) = R21(ω, c)which implies that
Bc1(ω) = {ψ ∈ E : ∥ψ∥E 6 R1(ω, c)} = BE(0, R1(ω, c)) ⊂ E (2.34)
is a random closed tempered absorbing set of {ψ c(t, ω, ·)}t≥0,ω∈Ω1 . 
Theorem 2.4. If (P0), (H1)–(H2)hold and K > 0, then RDS {ψ c(t, ω, ·)}t≥0,ω∈Ω1 possesses a unique random attractor given
by
Ac1(ω) =

τ≥TBc1 (ω)

t≥τ
ψ c(t, θ−tω, Bc1(θ−tω)) ⊂ E. (2.35)
Proof. From Theorems 2.1–2.3, it is sufficient to prove that for any ϵ > 0, ψ0 = (u0, u1)T ∈ Bc1(ω), there exists
T1(ϵ, ω, Bc1) > T
c
B1
(ω) and I1(ϵ, ω, Bc1) ∈ N such that for t ≥ T1(ϵ, ω, Bc1), the solution u(t, ω,ψ0) = (ui(t, ω,ψ0))i∈Z ∈ l2ρ
of (2.1) satisfies
i|>I1(ϵ,ω,Bc1)
∥ψi(t, ω,ψ0)∥2E =

i|>I1(ϵ,ω,Bc1)
ρi(u2i (t, ω,ψ0)+ u˙2i (t, ω,ψ0))
≤ ϵ. (2.36)
Let ξ ∈ C1(R+,R) be a smooth increasing function which satisfies
ξ(s) = 0, 0 6 s < 1,
0 6 ξ(s) 6 1, 1 6 s < 2,
ξ(s) = 1, s > 2,
|ξ ′(s)| ≤ C0, s ∈ R+
(2.37)
where C0 is a positive constant. Let ϕm(t) =

umi
vmi

i∈Z
be a solution of (2.15). Set
xmi = ξ
 |i|
M

umi , y
m
i = ξ
 |i|
M

vmi , z
m =

xm
ym

=

xmi
ymi

i∈Z
, ∀i ∈ Z, (2.38)
whereM ∈ N. Taking the inner product (·, ·)Eλ of (2.15) with zm, we have
1
2
d
dt

i∈Z
ξ
 |i|
M

∥ϕmi ∥2Eλ +

i∈Z
ξ
 |i|
M
ε
2
ϕmi 2Eλ + α2 |vmi |2
≤ (F cm(ϕm, θtω), zm)Eλ , t ≥ 0. (2.39)
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It is easy to check that
(F cm(ϕ
m, θtω), zm)Eλ 6

(
√
λ+ ε)|c|√
λ
|δ(θtω)| + c
2
2
√
λ
δ2(θtω)+ 12 q˜

1
λ
+ 1

η(θtω)

i∈Z
ξ
 |i|
M
ϕmi 2Eλ
+ α
2

i∈Z
ξ
 |i|
M

ρi|vmi |2 +
1
α

i∈Z
ξ
 |i|
M

ρi(g2i + β2i ). (2.40)
Hence we have
d
dt

i∈Z
ξ
 |i|
M
ϕmi 2Eλ
≤

−ε + 2(
√
λ+ ε)|c|√
λ
|δ(θtω)| + c
2
√
λ
δ2(θtω)+ q˜

1
λ
+ 1

η(θtω)

i∈Z
ξ
 |i|
M
ϕmi 2Eλ
+ 2
α

i∈Z
ξ
 |i|
M

ρi(g2i + β2i ). (2.41)
Applying Gronwall’s inequality to (2.41) from TBc1(ω) to t and replacing ω via θ−t(ω), we obtain that
i∈Z
ξ
 |i|
M
ϕmi (t, θ−tω, ϕ0(θ−tω))2Eλ
≤ e
 t
TBc1

−ε+ 2(
√
λ+ε)|c|√
λ
|δ(θs−tω)|+ c2√
λ
δ2(θs−tω)+q˜

1
λ
+1

η(θs−tω)

ds
·
ϕm TBc1 , θ−tω, ϕ0(θ−tω)2Eλ
+ 2
α

|i|≥M
ξ
 |i|
M

ρi(g2i + β2i ) ·
 t
TBc1
e
 t
τ

−ε+ 2(
√
λ+ε)|c|√
λ
|δ(θs−tω)|+ c2√
λ
δ2(θs−tω)+q˜

1
λ
+1

η(θs−tω)

ds
dτ . (2.42)
By replacingm bymk and let k →∞, we have that for t ≥ 0, for any ψ0 ∈ B0(θ−tω),
|i|>I0(η,ω,B0)
ρi(u2i (t, θ−tω,ψ0)+ u˙2i (t, θ−tω,ψ0))
6 C2(ω, c)

i∈Z
ξ
 |i|
M

∥ϕi (t, θ−tω, ϕ0(θ−tω))∥2Eλ
≤ C2(ω, c)e
−ε(t−TB1 )+
 t
TBc1

2(
√
λ+ε)|c|√
λ
|δ(θs−tω)|+ c2√
λ
δ2(θs−tω)+q˜

1
λ
+1

η(θs−tω)

ds
·
ϕ TBc1 , θ−tω, ϕ0(θ−tω)2Eλ
+ 2C2(ω, c)
α

|i|≥M
ρi(g2i + β2i )
 t
TBc1
e
−ε(t−τ)+ tτ  2(√λ+ε)|c|√λ |δ(θs−tω)|+ c2√λ δ2(θs−tω)+q˜ 1λ+1η(θs−tω)

ds
dτ , (2.43)
where
C2(ω, c)e
−ε(t−TBc1 )+
 t
TBc1

−ε+ 2(
√
λ+ε)|c|√
λ
|δ(θs−tω)|+ c2√
λ
δ2(θs−tω)+q˜

1
λ
+1

η(θs−tω)

ds
·
ϕ TBc1 , θ−tω, ϕ0(θ−tω)2Eλ
→ 0 as t →+∞, (2.44)
which implies that for any ϵ > 0, there exists T1(ϵ, ω, Bc1) ≥ TBc1 such that for t ≥ T1(ϵ, ω, Bc1),
C2(ω, c)e
−ε(t−TBc1 )+
 t
TBc1

2(
√
λ+ε)|c|√
λ
|δ(θs−tω)|+ c2√
λ
δ2(θs−tω)+q˜

1
λ
+1

η(θs−tω)

ds
·
ϕ TBc1 , θ−tω, ϕ0(θ−tω)2E 6 ϵ2 . (2.45)
Again  t
TBc1
e
−ε(t−τ)+ tτ  2(√λ+ε)|c|√λ |δ(θs−tω)|+ c2√λ δ2(θs−tω)+q˜ 1λ+1η(θs−tω)

ds
dτ <∞, ∀t ≥ 0, (2.46)
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combining with g ∈ l2ρ , β ∈ l2ρ , it follows that there exists I1(ϵ, ω, Bc1) ∈ N such that forM > I1(ϵ, ω, Bc1) ∈ N,
2C2(ω, c)
α

|i|≥M
ρi(g2i + β2i )
 t
TBc1
e
−ε(t−τ)+ tτ  2(√λ+ε)|c|√λ |δ(θs−tω)|+ c2√λ δ2(θs−tω)+q˜ 1λ+1η(θs−tω)

ds
dτ 6
ϵ
2
. (2.47)
Thus for t ≥ T1(ϵ, ω, Bc1) andM > I1(ϵ, ω, Bc1), we have that
|i|≥2M
ρi(u2i (t, θ−tω,ψ0)+ u˙2i (t, ω,ψ0)) ≤

i∈Z
ξ
 |i|
M

ρi(u2i (t, θ−tω,ψ0)+ u˙2i (t, θ−tω,ψ0))
6 ϵ. (2.48)
The proof is completed. 
2.3. Upper semicontinuity of random attractors
In this subsection, we consider an upper semicontinuity of random attractors {Ac1(ω)}ω∈Ω1 to {A01(ω)}ω∈Ω1 as c → 0.
First let us present a criteria concerning the upper semicontinuity of the perturbed random attractors with respect to a
parameter in [12].
Theorem 2.5. Let (Y , ∥ · ∥Y ) be a separable Banach space with Borel σ -algebra B(Y ) and (Ω,F , P, (θt)t∈R) be a metric
dynamical system. Suppose {φc(t, ω)}c∈R,t≥0,ω∈Ω is a family of continuous RDSs defined on Y over (Ω,F , P, (θt)t∈R). Suppose
that
(i) {φc(t, ω)}c∈R,t≥0,ω∈Ω has a random absorbing set Bc = {Bc(ω)}ω∈Ω ∈ D(Y ) and a random attractor Ac = {Ac(ω)}ω∈Ω ∈
D(Y ) in Y such that
Ac(ω) =

τ≥0

t≥τ
φc(t, θ−tω)Bc(θ−tω) ⊆ Bc(ω). (2.49)
(ii) For P-a.e. ω ∈ Ω ,
B0(ω) = {y ∈ Y : ∥y∥Y ≤ r0(ω)} (2.50)
and
lim sup
c→0
∥Bc(ω)∥Y = lim sup
c→0
sup
y∈Bc (ω)
∥y∥Y ≤ r0(ω); (2.51)
where r0(ω) is a positive valued tempered random variable.
(iii) There exists ε0 > 0 such that for P-a.e. ω ∈ Ω ,
|c|≤ε0
Ac(ω) is precompact in Y ; (2.52)
(iv) For P-a.e. ω ∈ Ω, t ≥ 0, cn → 0, and yn, y0 ∈ Y with yn → y0, it holds:
lim
n→∞φ
cn(t, ω)yn = φ0(t, ω)y0. (2.53)
Then for P-a.e. ω ∈ Ω ,
dist(Ac(ω),A0(ω)) = sup
yc∈Ac (ω)
inf
y0∈A0(ω)
∥yc − y0∥Y → 0 as c → 0. (2.54)
The main result of this subsection is as follows.
Theorem 2.6. Suppose conditions (P0), (H1)–(H3), (2.11) hold and |βi| ≤ β0 (constant). Then for P1-a.e. ω ∈ Ω1,
distE(Ac1(ω),A
0
1(ω)) = sup
ψc∈Ac1(ω)
inf
ψ0∈A01(ω)
∥ψ c − ψ0∥E → 0 as c → 0. (2.55)
Proof. The proof is based on Theorem 2.5. Let us check that RDS {ψ c(t, ω)}t>0,ω∈Ω1 satisfies the conditions (i)–(iv) in
Theorem 2.5 one by one.
(i) It is a direct consequence of Theorems 2.3 and 2.4.
(ii) Given |c| ≤ 1. By (2.24) and (2.33),
R21(ω, c) = C2(ω, c)r21 (ω, c) ≤ C2(ω, 1)r21 (ω, 1) = R21(ω, 1) <∞. (2.56)
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So, for P1-a.e. ω ∈ Ω1,
lim
ε→0 sup R1(ω, c) ≤ R1(ω, 1), (2.57)
and
lim
c→0 sup ∥B
c
1(ω)∥ = limc→0 sup supψ∈Bc1(ω)
∥ψ∥E ≤ R1(ω, 1). (2.58)
Moreover,
B01(ω) = {ψ ∈ E : ∥ψ∥E ≤ R1(ω, 1)} (2.59)
is a closed tempered random absorbing set for the continuous RDS {ψ0(t, ω)}t≥0,ω∈Ω1 associated with the limiting system
ψ˙0 + L˜ψ0 = F 0(ψ0, θtω), ψ00 =

u0
u1

, (2.60)
where
F 0(ψ0, θtω) =

0
A(θtω)u+ f (u)+ g

(2.61)
and 
|c|≤1
Ac1(ω) ⊆

|c|≤1
Bc1(ω) ⊆ B01(ω), P1 -a.e. ω ∈ Ω1. (2.62)
(iii) Given |c| ≤ 1. Let us prove the precompactness of |c|≤1Ac1(ω) for P1-a.e. ω ∈ Ω1, which means that for any
η > 0, the set

|c|≤1A
c
1(ω) has a finite covering of balls of radius η in E. By the proof of Theorem 2.4, for any η > 0, and
P1-a.e. ω ∈ Ω1, there exists T1(η, ω, B01(ω)) > TB01(ω) and I1(η, ω, B
0
1(ω)) ∈ N (independent of c) such that the solution
ψ c(t, ω,ψ0) = (ψi(t;ω,ψ0))i∈Z ∈ E of Eq. (2.2) satisfies that for P1-a.e. ω ∈ Ω1, ∀t ≥ T1(η, ω, B01(ω)),
|i|>I1(ϵ,ω,B01(ω))
∥ψi(t, ω,ψ0)∥2E =

|i|>I1(ϵ,ω,B01(ω))
ρi(u2i (t, ω,ψ0)+ v˜2i (t, ω,ψ0))
≤ η
2
4
. (2.63)
Along with (2.62), we have
sup
ψ0∈

|c|≤1
Ac1(θ−tω)

|i|>I1(ϵ,ω,B01(ω))
∥ψi(t, ω,ψ0)∥2E ≤
η2
4
, ∀t ≥ T1(η, ω, B01(ω)). (2.64)
By (2.64) and the invariance ofAc1(ω), ϕ
c(t, θ−tω,Ac1(θ−tω)) = Ac1(ω) for t ≥ 0,
sup
ψ∈ 
|c|≤1
Ac1(ω)

|i|>I1(ϵ,ω,B01(ω))
∥ψi∥2E ≤
η2
4
. (2.65)
Thus, any ψ(ω) = (ψi(ω))i∈Z ∈|c|≤1Ac1(ω) can be decomposed into
ψ(ω) = (ψ (1)i (ω))i∈Z + (ψ (2)i (ω))i∈Z = ψ (1)(ω)+ ψ (2)(ω), (2.66)
where
ψ
(1)
i (ω) =

ψi(ω), |i| ≤ I1(ϵ, ω, B01(ω)),
0, |i| > I1(ϵ, ω, B01(ω)),
(2.67)
and
ψ
(2)
i (ω) =

0, |i| ≤ I1(ϵ, ω, B01(ω)),
ψi(ω), |i| > I1(ϵ, ω, B01(ω)).
(2.68)
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By (2.62) and (2.65),
ψ (1)(ω)E =
 
|i|≤I1(ϵ,ω,B01(ω))
∥ψi(ω)∥2E
 12 ≤ ∥ψ(ω)∥E ≤ R1(ω, 1), (2.69)
ψ (2)(ω)E =
 
|i|>I1(ϵ,ω,B01(ω))
∥ψi(ω)∥2E
 12 ≤ η
2
, (2.70)
thus,
ρ
1
2
i ∥ψ (1)i (ω)∥E ≤ R1(ω, 1), ∥ψ (1)i (ω)∥E ≤
R1(ω, 1)
ρ−(ω)
for |i| ≤ I1(ϵ, ω, B01(ω)), (2.71)
where
ρ−(ω) = min

ρ
1
2
i : |i| ≤ I1(ϵ, ω, B01(ω))

. (2.72)
Define
Γ (ω) =

ψ (1) = (ψ (1)i )|i|≤I1(ϵ,ω,B01(ω)) ∈ R
4I1(ϵ,ω,B01(ω))+2 : ∥ψ (1)i (ω)∥E ≤
R1(ω, 1)
ρ−(ω)

, (2.73)
and
nη,ω(Γ (ω)) :=
2R1(ω, 1)ρ+

2I1(ϵ, ω, B01(ω))+ 1
ηρ−
+ 1
4I1(ϵ,ω,B
0
1(ω))+2
, (2.74)
where ρ+(ω) = max

ρ
1
2
i : |i| ≤ I1(ϵ, ω, B01(ω))

. Then Γ (ω) is a 2(2I1(ϵ, ω, B01(ω))+ 1) dimensional regular polyhedron
which is covered by nη,ω(Γ (ω)) open balls of radius
η
2
√
ρ+(ω)
centered at ψ∗l = (ψ∗l,i)|i|≤I1(ϵ,ω,B01(ω)), ψ
∗
l,i ∈ R, 1 ≤ l ≤
nη,ω(Γ (ω)), in the norm of R2I1(ϵ,ω,B
0
1(ω))+1 × R2I1(ϵ,ω,B01(ω))+1.
For each 1 ≤ l ≤ nη,ω(Γ (ω)), we set ψl = (ψl,i)i∈Z ∈ E such that
ψl,i =

ψ∗l,i, |i| ≤ I1(ϵ, ω, B01(ω)),
0, |i| > I1(ϵ, ω, B01(ω)).
(2.75)
Then for ψ (1)(ω) = (ψ (1)i (ω))i∈Z in the decomposition (2.66), there exists l0 ∈ {1, 2, . . . , nη,τ (Γ (ω))} such that
ψ (1)(ω)− ψl0E =
 
|i|≤I1(ϵ,ω,B01(ω))
∥ψi(ω)− ψl0,i∥2E
 12 ≤ η
2
, (2.76)
and hence, we haveψ(ω)− ψl0E ≤ ψ (1)(ω)− ψl0E + ψ (2)(ω)E ≤ η. (2.77)
Therefore,

|c|≤1A
c
1(ω) ⊂ E can be covered by nη,ω(Γ (ω)) open balls of radius η centered at ψl, 1 ≤ l ≤ nη,ω(Γ (ω)).
(iv) Let ϕc and ϕ0 be the mild solutions of (2.6) and
ϕ˙0 + Lϕ0 = F 0(ϕ0, θtω), ϕ00 =

u0
u1 + εu0

, (2.78)
with initial data ϕc0 and ϕ
0
0 , respectively, and set Φ = ϕc − ϕ0, then it follows from Theorem 2.1 that the mild
solution ϕc(·;ω, ϕc0), ϕ0(·;ω, ϕ00),Φ(·;ω, ϕc0, ϕ00) ∈ C([0,+∞), E). Now let us estimate ∥Φ∥E = ∥ϕc − ϕ0∥E . First, let
ϕc,m(t, ω, ϕc0), ϕ
0,m(t, ω, ϕ00) be the solutions of the following random differential equations with initial data ϕ
c
0 and ϕ
0
0 in
E, respectively:
ϕ˙c,m + Lϕc,m = F cm(ϕc,m, θtω), ϕc,m(0, ω, ϕc0) = ϕc0(ω), (2.79)
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and
ϕ˙0,m + Lϕ0,m = F 0m(ϕ0,m, θtω), ϕ0,m(0, ω, ϕ00) = ϕ00 , (2.80)
where ϕc,m =

uc,m
vc,m

,m ∈ N. Then
ϕc,m(t, ω, ϕc0), ϕ
0,m(t, ω, ϕ00) ∈ C([0,+∞), E) ∩ C1((0,+∞), E)
and satisfy (2.79) and (2.80), respectively. Moreover, ϕc(t;ω, ϕc0), ϕ0(t;ω, ϕ00) are limit functions of a subsequence of
{ϕc,m(t, ω, ϕc0)} and {ϕ0,m(t, ω, ϕ00)} in E. SoΦ(t;ω, ϕc0, ϕ00) is a limit function of a subsequence of
{Φm(t;ω, ϕc0, ϕ00) = ϕc,m(t, ω, ϕc0)− ϕ0,m(t, ω, ϕ00) = (xmi (t, ω, ϕc0, ϕ00), ymi (t, ω, ϕc0, ϕ00))i∈Z}
in E, andΦm(t;ω, ϕc0, ϕ00) satisfies
Φ˙m + LΦm = F cm(ϕc,m, θtω)− F 0m(ϕ0,m, θtω), Φm(0, ω, ϕc0, ϕ00) = ϕc0(ω)− ϕ00 , (2.81)
Taking the inner product (·, ·)Eλ of (2.81) withΦm, we have
1
2
d
dt
Φm2Eλ + (LΦm,Φm)Eλ = (F cm(ϕc,m, θtω)− F 0m(ϕ0,m, θtω),Φm)Eλ , (2.82)
We find that
(LΦm,Φm)Eλ ≥
ε
2
∥Φm∥2Eλ +
α
2
ym2
ρ
, (2.83)
and by (2.31), for given |c| ≤ 1 and any t ≥ 0,ϕc(t, θ−tω, ϕc0(θ−tω))2Eλ 6 e−εt+
 0
−t

2(
√
λ+ε)√
λ
|δ(θsω)|+ 1√
λ
δ2(θsω)+q˜

1
λ
+1

η(θsω)

ds
C1(ω, 1) ∥ψ0∥2E +
1
2
r21 (ω, 1)
.= P(t, ω), (2.84)
where P(t, ω) is positive-valued and continuous in t but independent of c . Then we have
(F cm(ϕ
c,m, θtω)− F 0m(ϕ0,m, θtω),Φm)Eλ
= (cδ(θtω)uc,m, xm)λ,ρ + (2εcδ(θtω)uc,m, ym)ρ − (c2δ2(θtω)uc,m, ym)ρ
+ (−cδ(θtω)vc,m, ym)ρ + (f (uc,m)− f (u0,m), ym)ρ + (Am(t, ω)xm, ym)ρ
≤ cK1(ε, λ, c0)(|δ(θtω)| + δ2(θtω))P(t, ω)+ (2β0 + 12 q˜η(θtω))(1+
1
λ
)∥Φm∥2Eλ . (2.85)
where K1(ε, λ, c0) is a positive number independent of c . Then for t ≥ 0,
d
dt
Φm2Eλ ≤

(2β0 + 1
2
q˜η(θtω))(1+ 1
λ
)− ε

∥Φm∥2Eλ + cK1(ε, λ, c0)(|δ(θtω)| + δ2(θtω))P(t, ω). (2.86)
Thus,
∥ϕc,m(t, ω, ϕc0)− ϕ0,m(t, ω, ϕ00)∥2E =
Φm(t;ω, ϕc0, ϕ00)2Eλ
6 C1(ω, 1)e
 t
0

(2β0+ 12 q˜η(θsω))(1+ 1λ )−ε|

ds∥ϕc0 − ϕ00∥2E
+ cK1(ε, λ, c0)
 t
0
e
 t
s

(2β0+ 12 q˜η(θτω))(1+ 1λ )−ε|

dτ
(|δ(θsω)|
+ δ2(θsω))P(s, ω)ds. (2.87)
From (2.87), we see that for P1-a.e. ω ∈ Ω1, t ≥ 0, cn → 0 and ϕcn0 , ϕ00 ∈ E with ϕcn0 → ϕ00 , it holds:
lim
cn→0
ϕcn,m(t, ω, ϕcn0 ) = ϕ0,m(t, ω, ϕ00) in E (2.88)
which implies that
lim
cn→0
ϕcn(t, ω, ϕcn0 ) = ϕ0(t, ω, ϕ00) and limcn→0ψ
cn(t, ω,ψ cn0 ) = ψ0(t, ω,ψ00 ) in E. (2.89)
The proof is completed. 
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3. Random attractors for stochastic lattice system (1.5)
Consider the stochastic lattice system (1.5) with random coupled coefficients and additive white noisesd
2u
dt2
+ α du
dt
= −λu+ f (u)+ g + A(θtω)u+ c dW (t)dt , i ∈ Z,
u0 = u(0) = (u0,i)i∈Z, u1 = u˙(0) = (u1,i)i∈Z,
(3.1)
where u = (ui)i∈Z and ω ∈ Ω2,Ω2 is a subset of {ω ∈ C(R, l2) : ω(0) = 0},W (t) = W (t, ω) =i∈Z aiwi(t)ei is a Wiener
process on the probability space (Ω2,F2, P2), andF2 is the Borel σ -algebra onΩ2 generated by the compact open topology,
P2 is the corresponding Wiener measure onF2 and (θt)t∈R onΩ2 defined by (1.2), for i ∈ Z,wi(t) are Brownian motions, ei
denotes the element having 1 at position i and 0 for all other components, a = (ai)i∈Z ∈ l2. If the coupled operator A(θtω)u
is defined by (1.3), then Eq. (3.1) can be regarded as a discrete analogue of the following stochastic damped equation on R
∂2u
∂t2
+ α ∂u
∂t
= −λu+ f (x, u)+ g(x)− ∂
2u
∂x2
+ ca(x) ∂w(x, t)
∂t
. (3.2)
The random attractors for (3.2) on the bounded domains and unbounded domains have been investigated by Fan [17], Shen
et al. [18] and Wang and Gao [19], respectively. By the similar method to Section 2, we can prove the following result.
Theorem 3.1. Let (P0), (H1)–(H3) hold and
K˜ = ε
2
− q˜

1+ 1
λ

E(η(ω)) > 0, (3.3)
where ε and q˜ are defined by (2.12). Then
(i) for P2 a.e. ω ∈ Ω2 and ψ˜0 = (u0, u1) ∈ E, (3.1) has a unique mild solution ψ˜ c(·, ω, ψ˜0) = (uc(t), u˙c(t)) ∈
C([0,+∞), E), which generates a continuous RDS {ψ˜ c(t, ω)}t≥0,ω∈Ω2 with state space E over (Ω2,F2, P2, (θt)t∈R).
(ii) RDS {ψ˜ c(t, ω, ·)}t≥0,ω∈Ω2 possesses a unique random attractor {Ac2(ω)}ω∈Ω2 .
(iii) If in addition, |βi| ≤ β0 (constant), then for P2-a.e. ω ∈ Ω2,
distE(Ac2(ω),A
0
2(ω)) = sup
ψ˜c∈Ac2(ω)
inf
ψ˜0∈A02(ω)
∥ψ˜ c − ψ˜0∥E → 0 as c → 0. (3.4)
4. Remarks
Remark 1. Comparing the conditions (2.11) and (3.3), we find that the coefficient c of the noise term in (2.11) for the
multiplicative noise case needs to be suitably small, which differs from the required condition (3.3) in the case of additive
white noise; this is because that the multiplicative noise depends on the state variable ui but the additive noise term is
independent of ui.
Remark 2. If the coupled linear operator A(ω) in (2.6) and (3.1) is a constant operator A satisfying−A = D∗D = DD∗, where
(Du)i = j=m0j=−m0 djui+j,∀u = (ui)i∈Z, |dj| 6 a˜ (constant), −m0 6 j 6 m0 and D∗ is the adjoint of D, then the conditions
(2.11) can be weakened to
K = ε − c
2
2α
√
λ
− 2(ε +
√
λ) |c|√
παλ
> 0 (4.1)
and (3.3) can be removed.
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